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Abstract

This paper aims to study a one-pursuer, one evader pursuit differential game for a higher level
of infinite system that is an infinite system of first order ternary differential equations, and prove
completion of pursuit in the game. Both integral constraints and geometric constraints are sub-
jected on the players’ control functions, thus two separate cases of pursuit games are examined.
In the game, the pursuer wants to take the state of the system into the origin of I> space at some
finite time interval, whereas evader avoids this from happening. For every case, we solve the con-
trol problem by establishing the admissible control function. In order to achieve the pursuer’s
objective, we then construct an admissible strategy for the pursuer and develop an equation for
the guaranteed pursuit time of the game.
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1 Introduction

The study of game theory benefited mankind in addressing problems between two parties of
opposing interests. The solution to the problem entails the establishment of a feasible winning
strategy for the party seeking to achieve its objective. This includes scenarios in many prominent
fields such as developing an optimal control in a prey-predator model consisting of an infected
prey population [35]; constructing chasing strategies for competitive control between two life in-
surance companies [9]; presenting an optimised pricing model for competing hotels based on
energy-saving and environmental protection [25]; proposing an optimal solution for social plan-
ners in economics with a discrete control model and a unique meta-heuristic approach [10]; exam-
ining concerning trends in fisheries at East China Sea modelled as a congested marine environment
[27]; analysing various capture situations and control-based techniques for unmanned aerial ve-
hicles [11]; illustrating solution for a dynamic bi-criteria bioresource management problem [29];
and many more.

The introduction of theory of differential games by Rufus Isaacs [17] is an extension to the ex-
isting game theory, where the dynamics of the involved parties are governed by some differential
equations. Given the significant amount of work that has been invested into solving differen-
tial games, numerous researchers have addressed two common constraints, that are geometric
constraints and integral constraints, which are subjected on the players’ control functions using
a variety of methodologies. The following works can be examined for examples of differential
games with (i) geometric constraints: pursuit-evasion games where one evader plays against one
pursuer [31] and many pursuers [1]; a pursuit game of chasing a single faster evader [8]; a pur-
suit game in a nonempty closed convex set [18]; a pursuit-evasion game of finding an optimal
strategy for the evader [22]; and two separate linear discrete pursuit games [28], and (ii) integral
constraints: a pursuit game of determining some guaranteed pursuit time [4]; a game problem
associated with a non-linear control system [12]; an optimal pursuit game set in a plane [20]; an
encounter-evasion game problem [26]; and a group pursuit differential game [30].

Real life problems are often complicated and presented as a system of partial differential equa-
tions (PDEs). Thus, many initial investigations were dedicated to examine control problems and
differential game problems with players’ motions described by partial differential equations. Some
of them are the study of a control system with PDEs of parabolic type [5]; the determination of
values for such pursuit-evasion games [6]; the development of solution for game’s system of fully
nonlinear first-order PDEs [7]; and the verification of a unique solution by considering the notion
of a generalised solution [24].

Due to the complexity of partial differential equations, the method of decomposition is used
to reduce the system into an infinite system of ordinary differential equations. The decomposi-
tion method allows the differential games which were originally in the form of partial differential
equations, such as a pursuit game of parabolic PDEs ([2, 23]); a pursuit game with respect to
evolutionary PDEs [3]; the pursuit and evasion games under a system of PDEs with an elliptic
operator [33]; a pursuit-evasion game based on a first-order evolution PDEs [34]; a control prob-
lem with the presence of another state [36]; and a pursuit game set in the entire space [38]; to
be solved in the framework of an infinite system of ordinary differential equations. The article
of Satimov and Tukhtasinov [32] is one of the publications that investigated a differential game
problem with linear partial differential equations given by

9
zw=Az—u+v, Az= Z %(aij(l')zxj% (1)

ij=1
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on time interval [0, 7). By applying the Fourier series in the decomposition method, the system
that comprises of z = z(z, t) is decomposed to the following ordinary differential equations:

for i = 1,2,..., where z;,u;,v; € R and \; are negative eigenvalues of operater A that is as
i — 00,\; = —oo. Pursuit and evasion games were then solved based on the reduced system.
Every combination of geometric and integral constraints are imposed on the players’ control func-
tions. They pointed out sets of initial positions that are required in proving the completion of
pursuit game and evasion is possible in evasion game separately.

Since then, numerous publications have devoted to study the differential game of pursuit or
evasion described by an infinite system of ordinary differential equations in a structure indepen-
dent from a system of partial differential equations. It should be emphasised that each game model
of an infinite system is distinct from the other, meaning that solution to a game problem based on
that system must be designed in a way that fits in with the system. The work of Ja’afaru and
Ibragimov [19] studied a one pursuer-one evader pursuit game governed by a system of ordinary
differential equations

Zk(t) + Mg (t)Zk (t) = —uk(t) + ’Uk(t)7 Zk(O) = Zk0, (3)
where A\, (t) is a positive, continuous and bounded function on the time interval [0, T] for k =
1,2, .... Geometric and integral constraints are considered in the game, leading to four cases of

pursuit and evasion problems. The authors figured out the sufficient conditions, which also con-
sist of set of initial positions, for every case. The establishment of admissible strategies for the
players were also done.

The paper of Ibragimov et al. [15] investigated a pursuit game in the form of
Zp = =2k +up — vk, 2k(0) = 2p0, k=12, 4)

where 2y, uy, v are real numbers, with respect to geometric constraints. The coefficient Ay, k =
1,2, ..., are positive real numbers. The evader’s maximum speed is lesser than that of pursuer. To
prove the completion of pursuit, a pursuer’s strategy was constructed, and a guaranteed pursuit
time was obtained. The researcher also build an admissible evader’s strategy in a separate game,
and guaranteed evasion time was found.

The article of Waziri et al. [39] examined a differential game of infinite one-system of simple
motion by considering both geometric and integral constraints on the control functions of the
players. The game occurs in a plane, and when the states of the pursuer and the evader coincide,
the pursuit is considered to be completed. An admissible strategy of the pursuer was constructed.
The proof was also supported with a numerical example.

The decomposition method produces a deeper understanding for the dynamic of the system,
as a more complex system of partial differential equations results in reduction to a higher level
of an infinite system of ordinary differential equations. Therefore, the differential game theorists
later recognised a differential game could also occur in a 2-systems of differential equations. The
work of Ibragimov [13] studied an optimal pursuit problem defined by the following 2-system of
differential equations:

T = —oymy — Biyi + w1 — vit, 74(0) = 20,

Ui = Brxi — 04y + Uiz — Vi, ¥i(0) = vi0, 1=1,2,...,

(5)

where a; > 0,8; € R, as the equation of the game. Integral constraints is chosen to restrict the
resources of the players. The solution for a time-optimal control problem was initially found.
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Then, sufficient conditions were met for the termination of pursuit game and optimal strategies of
the players, in attaining optimal pursuit time 6 > 0, were constructed.

Ibragimov etal. [14] examined a pursuit game with system (5), but with geometric constraints.
They presented an equation that defines the guaranteed pursuit time of the game and determined
the sufficient conditions in completing the pursuit. For the purpose of completing the pursuit, an
admissible strategy for the pursuer was developed. The paper Tukhtasinov et al. [37] extended
the work of [14] where the researchers established the estimated guaranteed pursuit time of the
game, together with guaranteed evasion time for the evasion game.

The work of Ibragimov et al. [16] solved an optimal pursuit differential game in an infinite
2-system of differential equations different from system (5). The players” optimal strategies that
satisfy integral constraints were build and optimal pursuit time was obtained.

In this present paper, we have extended the study of pursuit game to a higher level of system
by designing a game model of an infinite system of first order ternary differential equations. The
game is set in Hilbert space I, that is

b={C=(¢,¢,.): Z |Gr[? < o0},
k=1

with inner product and norm given by

oo o0
<Gm>=) Gk <oo, [[Cll=vV< > =) ¢ <o,
k=1 k=1

respectively. The proposed model is structured as ternary differential equations, describing the
motion of a point in the infinite-dimensional space l. Unlike previous works that are limited to
two-systems of differential equations models, this model is a three-systems framework. An infinite
system of higher level offers a more information of the dynamics of the moving point.

We impose both integral constraints and geometric constraints on the players’ control functions
separately. In every case, we first solve the control problem of the system. We then develop an
admissible strategy of the pursuer to complete the pursuit. Sufficient conditions are presented as
well.

2 Preliminaries

We utilize the following game model:

. 0
Ty = —opTp — U1 +vp1,  2x(0) = xy,

Uk = —BrYr — W2k — Uk + k2, yk(0) =y, (6)

Zh = Mk — Beze — uks + vks,  2k(0) = 2,

where oy, Br > 0,7 € Rand ug;,v; € Rfork =1,2,..,and j = 1,2,3 with 2% = (29,29, 29, ...),

Y0 = (49,949,985, ...),2° = (2%, 28, 29, ...) € lo. The control parameter

u = (u1,usz,...) = (w11, Y12, U13, U21, U22, U23, ...) € la,
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of pursuer and control parameter
v = (v1,02,...) = (V11, V12, V13, V21, V22, V23, -..) € la,

of evader control the motion of the state of the game.

We denote that

M(t) = (Ml(t)u’-@(t)v ) = (xl(t)’yl(t)vZl(t)7x2(t)7y2(t)’z2(t)7 )a

k=1
1 t) = (@ (0), e (0), 20, le(t)] = /72 @)+ 90 T 2200,
,U'O:(,u?»/“"g’ ) (xl,ylvz?ﬂx%yQ?Zg"“) <7>
TIENS ((m2>2 R+ <z2>2),

k=1

W= (@000 20), gl = /@D + )2 + (D)2

The ideas of establishment of strategies for pursuit differential game, described by the formu-
lated model, in the present paper can be applied in various other domains such as military tactics,
missile defense systems, cybersecurity, submarine movement, drone operations and so on.

The work of Madhavan et al. [21] demonstrated that if A\, > 0, Ay = min{ay, B} and w(:) €
S(po), then the following ternary differential equations:

Ty = —ogxp + wrr, 2k(0) = 9027
Uk = —BeYk — W2k + Wiz, yr(0) =y, (8)

2 = VeYk — Brzk + wis,  21(0) = 2p,

has a solution p(-) = (u1(+), p2(+), ...) of the form

t
pult) = on(Oud + [ onlt = Shun(ids, k=12, (9)
0
where
et 0 0
oR(t) = 0 e Prtcosyt  —e Prtsinyt | | (10)
0 e Prtsinyt e PRt cosypt

for each k, which is unique and belongs to the space of continuous function in /5 space on time
interval [0, 6].

The function ¢ (t), k = 1,2, ..., satisfies the fact that
Lo (1) = er(-t),

il pr(t —s) = pr(t)or(—s) = or(—s)pr(t),

iii. |90k(t),uk| < e*)“"t\,uk\ where A\, = min{ak,ﬁk}.
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Definition 2.1. A function w(-) = (wi(:),w2(:),...) € lo, w : [0,0] — lo which has measurable com-
ponents wy, = (Wk1, Wke, Wks), k = 1,2,..., and is called admissible control if it obeys either integral
constraints

0o .
> [ Y lwede < m. (1)

k=1 j=1

or geometric constraints

co 3
JZZ lwi; (1)[* < po,t € 10,0], (12)

k=1j=1

respectively where py > 0. The set of all admissible controls based on integral constraints and geometric
constraints is denoted by S(po) and S1(po) respectively.

Definition 2.2. The control function u(-) = (u1(-), u2(+), ...) of pursuer and the control function v(-) =
(v1(+),v2(+), ...) of evader are admissible if they obey integral constraints

00 0 3 00 0 3
S [ S tus@Par <t > [ (o< o (13)
k=170 j=1 k=170 j=1

or geometric constraints

co 3 co 3

SO lug P < p%te 0,61, DD ok (t)* < ot € [0, 6], (14)

k=1 j=1 k=1 j=1

where p,o > 0and p > o. Set of admissible controls of pursuer (of evader) based on integral constraints
and geometric constraints is denoted by S(p) (S(o)) and S1(p) (Si(o)) respectively.

Definition 2.3. The function U(-,v) = (U1(t,v),Us2(t,v),...), U : [0,0] x lo — Iy which has the form
Uk(t,vi(t)) = ve(t) —wi(t), k = 1,2, ..., where vy, wy, are measurable, is called admissible strategy of the
pursuer if it obeys either

0 .
JZ [ 10 @)z < . w() € 8- 0).00) € (o), (15)
k=170
or
$ S Ukt o(@®)2 < p, w() € Sa(p— 0),v(-) € Si(0). (16)
k=1

Definition 2.4. The time 6 > 0 is referred as guaranteed pursuit time in game (6) if there exists a strategy
of pursuer U such that for any admissible control of evader, (1) = 0 at some time 7, T € [0, 6].

The problem of this work is to find

1. sufficient conditions to solve control problem related to the system (8),

2. sufficient conditions to solve pursuit differential game (6),
with respect to integral constraints and geometric constraints separately.
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3 Main Results

In pursuit differential games, the corresponding control problem is studied beforehand so that
the constructed control can act as a reference for developing the appropriate strategy for the pur-
suer to successfully complete the pursuit.

3.1 Control problem

In this subsection, we are up to examine the control problem for system described by differ-
ential equations (8). We want to determine an admissible control function w(¢) that can steer the
state of system (8) into space’s origin for some time on time interval [0, §].

Consider the following matrix

¢ fot e2%k3ds 0 0

Ar(t) = / Pr(—s)pp(—s)ds = 0 [y e20ksds 0 k=12, (17)

0 0 0 fot e?Prsds

and thus, clearly
t —1
(fo e2aksds) 0 0
-1
—1 _ t o8
ANt) = 0 (fo e2? ds) 0 N (18)
0 0 (Jy e2reas)

where * refers the transpose of the matrix.

We denote
ert 00
Be(t)=1 0 ¥t 0 |. (19)
0 0 et
We consider the following equations
D W) A (O w = P, (20)
k=1
> (1) Br(t) AL () = 03, (21)
k=1

where pg > 0.

We first implement integral constraints (13) on the players’ control functions.

Theorem 3.1. If (20) has a root t = 6, then there exists an admissible control function w(-) € S(po) that
can steer the state of the system (8) to the origin at the time 6.
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Proof. We define the control

(22)

e (A By, 0<t <6y,
wi(t) =
0, t> 6.

Prove the admissibility of (22),

oo 61 0 01 o0 01
* — 2 * — 2
ZJNWW%:Z/wwvmﬂmm@=z/hmwaww%w
k=170 k=170 k=170
Observe that

z e’ ( foal 62f>éktal7f)71
1 -1
@Z(—s)Agl(Gl)ug = ygeﬁks cos %5([091 eZEktdt) _ deﬁks Sin'YkS(fogl e2l3ktdt)

e sin %S( Iy ewktdt) + ze”* cos 'Yks( 5! ezﬁktdt)

By definition of #;, we now obtain

oo 0,
DR TGS
k=1 0
o 0 6, - 0, -2
— Z/ ((1'2)2620%8 </ e2(¥ktdt> + (y2)2€2,8k8 (/ e?ﬁktdt>
= Jo 0 0
0, —2
+ (29)2e2Prs (/ eQBktdt> )ds
0
01 -1 01 -1 01 -1
([ ) () ([ )
0 0 0

(1) AL (01) = P2

M

>
Il

1

M

=
Il
—

This indicates that (22) satisfies integral constraints (13).

Now, we show that p(6;) = 0. Substituting constructed control (22) into (9), we have that
01
p (1) = i (61) (ui +/0 pr(—s)( - sOZ(—S)cpkl(Hl)ui)d8>

01
= pr(01) (Mg */0 @k(s)SDZ(S)dSAﬁl(@l)Mg) :
by (17),

o (61) = o1 (601) (1 — AR(6:) A (61)1f)
= ¢ (01) (g — 1) = 0.

Hence, the state of system (6) is steered into origin at finite time ;. This proves the theorem. O
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Next, let us consider the case where the control functions of the players satisfy geometric con-
straints (14).

Theorem 3.2. If (21) has a root t = 04, then there exists an admissible control function w(-) € S1(po)
that can steer the state of the system (8) to the origin at the time 0.

Proof. We build the control

wel®) = {w;;(t)A;l(am%, 0<t<0,, 23)

0, t> 0.

Despite having a similar form, the distinction of control functions (22) and (23) becomes evident
in the proof of their admissibility, as every constructed control function must adhere to its respec-
tive conditions (20) and (21).

Here, we show that (23) satisfies geometric constraints. We have

oo

G 2 0N\2 2at b2 200 -~ 0\2 2Bt b2 281 s -2
S @) =3 [ (@)2er ernds | ()2 ([ e ds)
] 0 0

k=1
0, -2
+ (29)2 2Pt / 03 s .
0

Since t < 05,

e} e} 65 _9 02 —2
wk t 2 S xo 2620%02 eQOLdeS + yO 262[3)992 €2ﬁdeS
g 0 g 0
k=1 k=1

-2
02
+ (z,‘g)?e%‘b (/ 626k5d5>
0

(12)* Bi(62) AL 2(B2) 1) = p.

M

>
Il
—

Thus, control w(-) (23) belongs to Si(po).

We use (23) to prove that p(f2) = 0 as follows;

Therefore, (23) is able to bring the system’s state into origin of I, at finite time 6. This completes
the proof. O
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3.2 Differential game of pursuit

Now, we examine pursuit differential game defined by (6), which describes the motion of a
point in space /s which is controlled by the control functions u(-) and v(-). In this subsection, our
target is to achieve pursuer’s objective that is to complete the pursuit by constructing strategy for
the pursuer to drag the point into the origin at some time, for any admissible control of the evader.
The game of pursuit is considered based on integral and geometric constraints in separate cases.

For every k = 1,2, ..., the solution p(t), k = 1,2, ..., is expressed as

1k (t) = or(t)py + /o ot — 8)(—Ug(s,vr(8)) + vi(s))ds. (24)

Here, we consider, for every k,

D) AT Opg = (p— o), (25)
k=1
>R Be(MAZ ()i = (0 — o), (26)
k=1

where p > 0.

In the first case, we solve pursuit problem with integral constraints constraining the players’
control functions.

Theorem 3.3. If p > o and (25) has a root t = 05, then the game of pursuit (6) with (13) is completed at
the time 0s.

Proof. We provide the pursuer with strategy given by

Gr(—)A(O3) ) +or(t),  0<t<0s,

27
0, t > 0s. ( )

Uk (t, vk (t)) = {

We guarantee the admissibility of (27) where v(-) € S(o). Using Minowskii’s inequality, we obtain
that

oo 05 oo 03 oo 03
— 2

> [ oitsonenpds < |30 [ oo @ s+ |3 [ (o) s

k=170 k=170 k=170

oo

03
<2 / |0 (—s) A (03) 2| ds + o
k=1
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We then get that

((xg)z(/:g e2aktdt)_1 " (yg)z(/ogg ezgktdt)_l N (22)2(/093 ezﬁktdt)_1> s

(1) A M (O5)pf + o

(2| 092

k=1

=\(p—0)2+oc=p—0c+o=np.

This proves that (23) satisfies integral constraints.

We show that the pursuer can use strategy (27) to complete the pursuit. By substituting into
(24), we have that

03 03
1k (03) =<pk(93)<u2+/0 SOk(—S)(—WZ(—S)AzZl(93)u2—Uk(S))dS+/O <pk(—8)vk(8)d5>
- <o>(° /93 ()i (—s)dsA; (B)ul — /93 (—s)ui(s)ds
=pr(03)| Hg ) Pk Pk r \U3)Hg ) Pk k
03
+/O cpk(—s)vk(s)ds>

—on(03) (11 — Ax(0) A7 (05)112)
= (03) (g — 1) = 0.

Hence, the pursuit can be completed at time 65. This finishes the proof. O

Meanwhile, in the second case, we impose geometric constraints on players’ control functions.

Theorem 3.4. If p > o and (26) has a root t = 04, then the game of pursuit (6) with (14) is completed at
finite time 0.

Proof. We present the following strategy to the pursuer

902(_75)‘41;1(04)”2 + ’Uk(t)’ 0<t< 94’

28
0, t > 0y. ( )

Uk(t,vi(t) = {

To show that (28) is admissible, we employ Minowskii’s inequality and the fact that v(-) € S (o)

J SOkt < | [or (-0 A5 ] + J > low(t)?
k=1 k=1 k=1
<Y leb (AT O + o>,
k=1
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We then find that

\jz Uk (8, vx (£))[2

k=1

0. 0.

04 _92 4 —2 4 -1
(x%)2e2akt(/ e?aksds) + (y2)2€25kt</ e2ﬁ'ksds) + (zg)2e2ﬁkt(/ €2Bksds)
0 0 0

I
gk

=~
Il
A

+
q

0

04 - 04 - 4 -
((1’2)2620"“94 (/ eZakst) 2 + (y2)2€2f3k64(/ e2ﬂksd8) 2 + (22)2€2ﬂk04(/ e2ﬂksd8) 1>
0 0 0

gk

™
Il
i

+
q

I
gk

(19)* Br(03) A (02 + 0 = /(o —0)2 + 0 = p.

™
Il
—

Show that pursuit game is terminated at time 6,. Using admissible strategy (28), we get
94 64
pk(04) = ¢k (0a) (ui +/ or (=) (= Pr(=8) A Oy, — vi(s))ds +/ sok-(—s)vk(S)dS)
0 0

= u(602) (11 — A(02) A (02)))

= @u(0a) (i — 1) = 0.
This completes the proof of the theorem. O

We now provide an example to illustrate our results.

Example 3.1. We consider a pursuit game defined by ternary differential equations (6) where the control
functions of pursuer and evader satisfy (13). Let

o 1 1

‘Tg,:yg:zk_E7 ak:ﬂk:§7 p:270:17 (29)
fork=1,2,.... Then, (25) takes the form
o] 3 t —1
Z 72 (/ e“”ds) =(2-1)?
k=1 0

which is equivalent to

. 2 .
Since Y"1 | 75 = %=, therefore we obtain

Clearly,

7.[.2
t=In(—+1).

Hence, 83 = In (%2 + 1), and by Theorem 3.3, the pursuit in the game for initial values (29) is completed
at the time 63.
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4 Conclusions

In this paper, we have investigated two cases of pursuit differential games of an infinite system
of first order ternary differential equations, by considering both integral and geometric constraints.
For every case, we have determined sufficient conditions that enables the state of the system steers
into origin, and solved control problem related to the system. Moreover, we have established ad-
missible strategy for the pursuer in both cases and shown the pursuit is completed at a guaranteed
pursuit time.

Future research could explore evasion differential games described by the formulated model
(6). To add some challenges, one could consider imposing mixed constraints on the control func-
tions of the players to solve the differential game problem based on system (6).
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